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CRITICAL COMMITTEES AND DISTANCE SIGNALS 
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Abstract. If 2J(i?) is the vertex sequence of a symmetric cycle R in the 
tope graph of a simple acyclic oriented matroid M on a t-element ground 
set, then the set min ( U( R) of minimal elements in the subposet 9J(i?) of 
the tope poset of M, based at the positive tope, is a critical committee 
for M that votes for the base tope. We consider 
the sequence zn := (p(R) : R £ 2J(ii)) of poset ranks of the elements 
from the vertex sequence of R as a fragment of a signal with period 2t 
and relate the number of members of the committee min 23(ii) to the 
magnitudes of [f J components, with odd indices, of the discrete Fourier 
transform of the distance vector zr. 
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1. Introduction 



If 23 is the vertex sequence of some path in a connected graph, then the 
corresponding sequence (d(w, v) : v G 23) of distances between its vertices 
and a distinguished vertex w of the graph can be extended in a natural way 
to a periodic signal. In this note, which is a companion to [3], we consider 
such distance signals associated with symmetric cycles in the tope graph 
of an oriented matroid. See pQ on oriented matroids. When the vertex 
sequence of a symmetric cycle is regarded as a subposet of the tope poset 
and the distinguished vertex of the tope graph is the base tope of the tope 
poset, a few basic observations (see, e.g., (2j Chapter 2], [5j Chapters 1-^6] ) 
concerning the discrete Fourier transform (DFT) allow us to express the 
number of minimal elements of the vertex sequence of the symmetric cycle 
via the magnitudes of components of the DFT of the distance signal. In 
the case of an acyclic oriented matroid on a £-element ground set, with 
the distinguished positive tope, we thus relate the number of members of a 
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critical committee to the magnitudes of [_f J components, with odd indices, 
of the DFT of the distance signal. 

2. Critical Committees and Distance Signals 

Let A := (Ef, T) be a simple acyclic oriented matroid on the ground set Et 
:= {1, . . . , t}, with set of topes T whose components — and + are replaced by 
the real numbers —1 and 1, respectively. Let R := (R°, R , . . . , i? 2t_1 , R°) 
be a symmetric cycle in the tope graph of A, that is, R k+t = — R k , < k 
<t — l. Denote by T(C(A), T^) the tope poset of A based at the positive 
tope T( +) . The set minQJ(i?) of minimal elements of the subposet 9J(J2) 
:= CR ,-R\ . . . ,-R 2 '" 1 ) C T(C(A),T^) is a critical tope committee for A: 
it is the inclusion- minimal subset JC* C %3(R) such that ^TeK> ^ = 
Let p(T) denote the poset rank of a tope T G T(£(.4), T^ + ^). The sequence 

*K := (^h(O) := p(R°),z R (l) := p^R 1 ), . . . , z R (2t - 1) := p^ 1 )) 

determines the distance signal zr: Z — > {0}(jEt of R, with period 2t: 

z R (j + It) = z R (j) , j G Z . 

Let £ 2 (Z2t) denote the 2t-dimensional complex coordinate space; the el- 
ements of £ 2 (7*2t) are supposed to be row vectors whose components are 
indexed from to 2t — 1. We consider the distance vector zr of R as an 
element of the space £ 2 (Z2t). 

Let i denote the vector (1, 1, . . . , 1) G £ 2 (Z2t)- Since zr(/c) + zr{U + 1) = t, 
< k < £ — 1, we have 

.Zii • t T = t 2 . 

If i? G QJ(-R) is a vertex of the symmetric cycle R then we denote by ftf(R) 
the neighborhood of R in the cycle R; I and C denote the 2i x 2t identity 
matrix and basic circulant permutation matrix, respectively, with the rows 
and columns indexed from to 2t — 1. 

• On the one hand, | min2J(i*)| = t - \ Y,{r< ,r"}:=M{R): \p( r ") ~ P( R % 

and we have 

|min3J(Ji)|=t-i Yl [p{R") ~ p(R')f 

{R',R"}:=M(R): 
ReVG(R) 

= t-\ Y, (p^ 2 ~ p( R 'M R ")) ; 

{R',R"}:=Af(R): 
ReXI(R) 

in other words, | min9J(.R)| = t - \z R ■ (I - C)(I + C) • z R T , or 

| min<2J(i*)| =t-\z R - (21 - C~ 2 - C 2 ) • zr . (2.1) 
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The first row of the symmetric circulant matrix 21 — C 2 — C 2 is the vector 
b := (2, 0, —1, 0, . . . , 0, —1, 0); the components of the DFT of b are 



2i-l 



b(k) := ]T b(n)e- 



Tnkn/t 



4sin 2 ^, 0<Jfe<2*-l. 



n=0 



Denote by W the 2t x 2t Fourier matrix; its (m, n)-th entries are e _7rmm /*, 
< m, n < 2t — 1. The DFT and inverse DFT of the distance vector zr are 
the vectors zr := zrW and Zr := zrW" 1 , respectively; thus, 



2t-l 



3=0 
t-1 



that is, 



zk(k) 



3=0 



0, 



-mk(j+t)/t 



) , < fc < 2t - 1 , 



k 2(-t(l - e"^/*)- 1 + E5=o^(i)e- mfci/t ) 



A; = , 

k even, k ^ 
odd ; 



in particular, if f is odd then Zr{€) = — t + 2 ^ J=0 (— 
We have 

21 - CT 2 - C 2 = W" 1 • 4diag(0, sin 2 f , . . . , sin 2 . . . , sin 2 l£»=l> ) . W , 
and Eq. (|2.ip implies that 

|min2J(.R)| = t - \z R • diag(0, sin 2 f , . . . , sin 2 ?f, . . . , sin 2 ^ (2t ~ 1} ) ■ z^ 1 " . 

^ (2.2) 
Denote by z}? the vector composed of the complex conjugates of components 



of zr. Since Zr = ijtZr, it follows from Eq. (|2.2p that 



minQJ(i2)| = t — -&zr ■ diag(0, sin 



2 7T 

(>•••' 



sin 



2 Trfc 



Using Plancherel's formula, we reformulate this observation: 

2t-l 



, S in 2 ^); 



2fl 



min9J(#)| = t - — ]T |zk(A;)| 2 ■ sin 2 ^ 

fc=0 

= t-i M 2 + ^El^)| 2 -cos 2 f 



(2.3) 



fc=0 



Since = ZR{2t — k) and the magnitudes |.zr(£;)| do not depend on 

circular translation: ((z^O 7 )" (fc)| = 1 < A; < 2t — 1, for any integer j, 

we restate Eq. (12. 3p in the following way: 
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Proposition 2.1. (i) For any distance vector z R of the symmetric cy- 
cle R, we have 

|min9J(fl)|=t-^ ]T \z R (k)\ 2 • sin 2 f . (2.4) 
l<fc<t-l, 

fc odd 

(ii) Let A4 := (Et,T) be a simple oriented matroid (it has no loops, 
parallel or antiparallel elements), and 2J(ii) := (BPjR 1 , . . . ,R 2t ~ 1 ) 
the vertex sequence of a symmetric cycle R in the tope graph of M. . 
Given a tope T of A4, denote by zt,r the distance vector of R with 
respect to the tope T, that is, the sequence (d(T, R) : R G %J(R)) of 
graph distances between T and the vertices of R. For the inclusion- 
minimal subset Q(T,R) C %3(R) such that T = ^2q € q(tr)Q> we 
have 

\Q(T,R)\=t-± \*r,R(k)\ 2 ■ sm 2 f . (2.5) 

i<fc<t-i, 

k odd 

The vertex sequence Q3(i?) is a maximal positive basis of K* ; the existence of the 
set Q(T,R), of odd cardinality, of linearly independent elements of R', mentioned 
in Proposition 12. lf ii). is guaranteed by [3j Corollary 2.2]. 

Following [4j Lecture 6], dehne the distance enumerator, with respect to a 
tope B G T, of the set T, as the polynomial Db.t{ x ) : = EreT xd< ' S ' T ' 1 ' ^ n an 
analogous manner, dehne the distance enumerator of the vertex set of the symmet- 
ric cycle R as the summand -Dg,«u(R)(x) := YjTew(R) x d ( s,T ' of Db,t{ x )- 

Note that for any topes T' and T" of M the graph distance between them is 
d{T',T") = t - \\\T" + T'\\ 2 = l\\T" - T'\\ 2 = l(t - (T",V)). Thus, if T* is 
a halfspacc of Ai, and if 2U C QJ(H) is the vertex sequence of a (t — l)-path in 
the cycle R, then D B r (x) = x*/ 2 £ Ter . (^ {B > T)/2 + x< s < T >/ 2 ) and D BV(R) (x) 

= xt/2 ET e2D ( x_<s ' T>/2 + x<B,T>/2 )- 

Associate with a tope T <G T the 2t-dimensional row vector q(T, R) defined 
by qj(T,R) := 1 if W G Q(T,R), and q 3 (T,R) := otherwise. Let G(i2) denote 
the Gram matrix of the sequence 93(12). For topes X" and T" of we have 
d(T>, T") = \(t- q{T", R)G(R)q(T, R) T ). 

• On the other hand, 

| min VJ(R) | = 1 ^ (p(#) + - 2p(R)) 2 

{R',R"}:=Af(R): 
ReZ3(R) 

= \ Y, ( 3 pW 2 ~ 2 p(R)(p(R') + p(R")) + p(R')p(R")) 

{R',R"}:=Af(R): 
R£Z3(R) 

that is, I minQJ(#)| = \z R • (I - C)(3I - C) • z R T , or 

| min5J(fi)| = -z R • (61 - 4C" 1 - 4C + C~ 2 + C 2 ) • z R . (2.6) 
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Eqs. (|2l]) and §ZM) imply that | min9J(.R)| = \ + \z R ■ (I - C) 2 • z R T 
= T ~ \ Z R ' (J- ~ C)C • z R ; in other words, we have 

| min 9J(il) | = £ + i ZH . (21 - 2CT 1 - 2C + CT 2 + C 2 ) • z R T (2.7) 

2 o 

and 

Q+ 1 

| min<2J(i?)| = - - -z H ■ (CT 1 + C - CT 2 - C 2 ) • * K T ; (2.8) 
note also that 

z R • (I - C) • z R T = t . 
We derive from Eqs. ([£5]) . (f277|) and dHHJ) the relations 

2t-l 

| min 9J(il) | = - ^ \zR{k)\ 2 ■ (cos 2 ^ - 2 cos ^ + 1) , 

k=0 

2t-l 

|min9J(J2)| = - + - ]T |zkW| 2 ■ (cos 2 f -cosf^ 

fc=0 



and 



o, 1 2t-l 

min9J(.R)| = — + — V \z R (k)\ 2 • (2 cos 2 - cos 2* - 1) 
4 8i 

fc=0 



that are equivalent to Eq. (|2.3p . 

• Let R! and R" be two symmetric cycles in the tope graph of the oriented 
matroid A, and z R and z R / their distance vectors. Consider the 
vectors e := z R n — z R and m := z fl // + z R . Note that the components of 
their DFTs are: 



e(k) 
and 

m(k) 



, k even , 



2i 2 , fc = , 

, A; even, fe ^ , 

k 2(-2i(l - e"^/*)- 1 + Ej=o m O') e_7rifcj/ *) > fc odd ; 



thus, if* is odd then e(t) = 2 £$-~o(-l) J 'e(j) andm(t) = 2(-t+^=o(-!) im (i)) • 
It follows from Proposition I2.1( i) that 

|min5J(i?')| + |minQJ(i?")| = 2t- — ^ (|e(A;)| 2 + |m(yt)| 2 ) • sin 2 ^ . 



4t 

i<fc<t-i, 

fc odd 
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